Starting from a peculiar image observed below a bubble floating at a water-air interface, the article analyzes several optical properties of these special types of refracting objects (coined bubble axicons). Using mainly geometrical optics, their relation to common axicons, the shadow sausage effect and elementary optical catastrophes (caustics) are discussed.
I. MOTIVATION
Menisci formed around small objects in water are a fascinating topic. Either the interactions they induce (cf. the "cheerios" effect 1 ; water striders walking on water 2 ), or the caustics they create when illuminated with light: the shadow-sausage effect observed for water-immersed sticks [3] [4] [5] or the beautiful patterns decorating enlarged shadows below floating leafs are good examples of the latter 4, 6 . This article describes a peculiar lens formed by the meniscus around individual floating bubbles at an interface. Apart from the phenomenon being easily observable in many situations in our everyday lifes, the importance of bubble optics may also be appreciated due to the major role of bubbles on or within water for ocean science 7 and global climate science ("bright water" 8 ). The impetus for the present investigation was the author's surprise to see bright spots on the bottom of a bathtub while filling it. At this point, no soap was added to the water yet, and individual short-lived air bubbles (a strict two-phase water-air system) appeared sporadically: seemingly irrespective of the height of the water level, bright spots were clearly visible. Especially the latter observation seemed at odds with the usual behaviour of a lens having a limited focal range. While the bubbles were quickly identified to act as lenses producing images of the ceiling lights (recreated in a cereal bowl in Fig. 1) , the large focal range was unexpected. The following investigations of the phenomenon's characteristics ensued.
Existing studies of light scattering for single bubbles have been limited to bubbles within a fluid volume (cf. the works by Davis 9 and Marston 10 , and numerous more), or have dealt with foams 11 or bubble rafts 12 . In a broader sense, the idea to optically interrogate menisci has been used in the past, for instance in interferometric studies of swimming particles 13, 14 , analysis of their geometry by the image distortions they induce 15 or for nano particle detection 16, 17 . Also, refractometric studies have been done for swimming particles (which mostly depress the water surface, especially regular floating objects), including their menisci 4, 6, 18 . However, although the latter two examples (and indeed a limiting case of the shadow-sausage effect [3] [4] [5] [6] ) are closely related to this investigation, as will be explained later, no detailed study has yet been devoted to light refraction by single floating surface bubbles (which raise FIG. 1. Surface bubbles act as special lenses to form samesized images ∼ 6.2 cm below them at the bottom of a bowl. Here, an "F"-light source (ca. 13 cm × 17 cm) was realized by masking an LED matrix (Aputure Amaran HR672W) positioned ca. 1 m above the water level. Real inverted images appeared for virtually all bubble sizes for water depth 3 cm. The photo was contrast-enhanced to better show the dark halos surrounding the images. The effect is readily seen with the unaided eye.
the water surface around them). Only brief notes or mentionings of the general phenomenon appear to exists in the literature 19, 20 , while single soap bubble optics focus on the colorful interference phenomenon instead.
In contrast, many experimental as well as theoretical studies exist on the shape of a floating surface bubble [21] [22] [23] [24] [25] [26] [27] [28] [29] , which for instance has been the starting point for studies on the fascinating dynamics and associated generation of aerosol particles in the collapse of bubbles ( 30, 31 and references therein). Likewise, it is be the the staring point for this investigation of their optical properties and is hence briefly recapitulated next.
II. THE SHAPE OF FLOATING BUBBLES
The equilibrium shape of a floating surface bubble is the result of a tug of war between surface tension forces and pressures. It follows from the solution to the YoungLaplace equation (involving the principal radii of curva-FIG. 2. Sketch of the surface bubble geometry: The radius of curvature at the bottom of the bubble, which is the coordinate origin O, is R0, while the radius of the spherical cap (/dome) continuously connected to the upper part of the submerged bubble (cavity) and the outer meniscus is Rc ("c" for "cap"). The bubble's maximum radius is r b , while the rim of the outer meniscus (red) is at radial coordinate rc. The sketch is for R0/a = 1, corresponding to a ∅ ≡ 2r b ≈ 5 mm diameter bubble on water (nw = 1.33).
ture R 1,2 ), which for the outer meniscus reads [21] [22] [23] [24] [25] [26] [27] [28] [29] :
, with z = dz/dr, z = d 2 z/dr 2 , and appropriate boundary conditions: z(r) → z ∞ for r → ∞, and z = tan (φ c ) at the junction (r c , z c ), see Fig. 2 . To find the complete shape, three differential equations (cap / dome, submerged cavity / lower bubble surface, outer meniscus) need to be solved and matched together at the junction of these three domains. The natural length scale in this problem is the capillary length a = σ/ρg, where g = 9.81 m/s 2 is the gravitational acceleration, σ is the surface tension of the liquid (0.073 N/m for water against air), and ρ the density (density difference relative to air) of the liquid (997 kg/m 3 for water). For water, the capillary length is about a ∼ 2.73 mm, with all of the aforementioned parameters taken at room temperature and standard pressure. The Laplace pressure ∼ 2σ/R 0 , cf. Fig. 2 , is considered to be negligible in its effect on the material properties such as σ for the macroscopic bubbles treated here. Unfortunately, no analytical solution exists for the general case, and the numerical integration requires a shooting algorithm to guarantee that all three domains match and satisfy the boundary conditions. The reader is referred to the literature for details [21] [22] [23] [24] [25] [26] [27] [28] [29] . A transition to gravity-dominated shapes for giant thin film bubbles only occurs at the meter scale 32 , which is not considered here.
Still, some qualitative remarks are in order to summarize the results of those previous shape investigations: Small bubbles are nearly spherical (with radius R 0 ) and almost completely submerged, with only a tiny cap above the water. Larger bubbles approach perfect hemispheres that float on top of the unperturbed water level and have a nearly flat interior cavity (bottom of the bubble). The cap of the bubble is always spherical, with a radius of curvature R c . The exact shape in between these two limits is determined by the ratio of gravity ρgR 0 (/hydrostatic pressure over a length R 0 ) to capillarity σ/R 0 , i.e. by the Bond number Bo = R 2 0 /a 2 (R 0 being the lower bubble radius of curvature, cf. Fig. 2 ). The quantity R 0 /a (or Bo) uniquely determines the shape of a bubble. For small bubbles with R 0 /a 1 (or Bo 1, surface tension dominates), the cap's radius of curvature is twice the radius of curvature of the bottom bubble interface, R c → 2R 0 . 22, 24, 29, 30 The radial extent of the small cap is r c → 2R 0 R 2 0 /3a 222,29 . Still in the same limit, the radius of the bubble r b is essentially the submerged bubble's then constant radius of curvature, r b ≈ R 0 , see Fig. 3 . For large bubbles, with R 0 /a 1 (or Bo 1), the spherical cap radius equals the bubble's size, that is r b ≈ R c . The depth of the bottom of the bubble below the water surface at infinity, z ∞ , is given by z ∞ /a 2 = 4/R c − 2/R 0 , which means that z ∞ /a → 0 holds for large bubbles where both R c /a 1 and R 0 /a 1. It is also worth emphasizing, that the outer meniscus is always raised above the unperturbed fluid level, z(r) − z ∞ > 0, for all bubble sizes, a fact which is the basis for the lensing action discussed in the next section.
As a practical note, although somewhat detrimental to the ease of observation of individual bubbles (as opposed to foams), but beneficial for a controlled study otherwise: the stability (longevity) of floating bubbles can be increased significantly by adding a surfactant, 31 which also reduces the surface tension (σ = 0.03 N/m and a = 1.74 mm for a typical commercial soap solution 28, 32 ).
III. RAY PATHS THROUGH A SURFACE BUBBLE
Based on the observations stated in the introduction, the hypothesis of the investigation was that some part of the bubble acts as a lens to create the images.
First, bubble profiles parametrized by R 0 /a were calculated according to the exact theory using the shooting algorithm described in Appendix A of 30 . Using these profiles, a 2D-raytracer was written. In general, four major types of rays were identified, see type A -D in Fig. 4 and the ray tracings in Fig. 5 . Type A rays enter (without appreciable refraction) with an impact parameter r i < r c through the spherical thin film cap and get refracted at the lower air-water interface only. This lower bubble interface acts as a divergent lens, similar to a bubble in water. Accordingly, type A rays are always diverted and experience a deflection θ f ≈ arcsin (r i /R 0 [1/n w − 1]) < 0 away from the optical axis.
Type B rays get refracted through the outer meniscus first, propagate through a portion of the outer meniscus before being refracted into the submerged bubble part, until finally being refracted out of it again. For air bubbles in water, these rays end up being always refracted away from the optical axes. For small bubbles, where r c r b ≈ R 0 , the combined effect of this ray type together with type A is the appearance of a search-light beam emanating with some divergence from the bottom of the bubble, as can best be seen for R 0 /a = 0.2 ray tracings in Fig. 5 .
Type C rays get refracted through the outer meniscus until encountering the submerged bubble at an angle to its normal larger than the angle of total internal reflection (θ TIR = arcsin(1/n w ) ≈ 48
• ). They hence get reflected externally from the submerged air-bubble and act to divert those incoming rays (mostly) away from the optical axes. Only within a very small parameter range (a subset of the dashed region in Fig. 4 ) will these rays maintain their meniscus-imparted convergence towards the optical axis via nearly tangential (/grazing) reflection from the bubble. If partial refraction according to the Fresnel equations is taken into account, type B and C may be subsumed under a single type. To clarify discussions, they have been labelled and are considered individually here.
Type D rays get refracted through the outer raised water meniscus only. These rays do get refracted towards the optical axes and the outer meniscus hence acts as a converging lens (of sorts, see below). These rays may thus be seen to be the major contributors to the intensity distribution in the geometrical optics approximation far ( r b ) below illuminated bubbles. These rays are very much like the ones considered in previous studies on small floating particles 18 , apart from the fact that they bend towards the axis which is uncommon for the inverse water depression menisci (and the associated enlarged shadows) typically formed around floating particles. For immersed vertical sticks, this crucial difference has been noted before by Walker 4 , although without further analysis of the resulting focusing. Adler et al. 6 provided some more details on this difference in the context of floating leafs, and the bubble phenomenon has been mentioned briefly in Refs. 19, 20 . Other ray types, for instance those contributing to internal catacaustics or external reflextions have not been considered as they do not appear to add any major detail to the observations below a bubble described in this article.
IV. APPROXIMATION FOR SMALL BUBBLES
A. Approximate shape of the outer meniscus An analytical approximation for the outer meniscus elevation ∆z above the unperturbed water level at large distances is available for small bubbles (R 0 /a 1) 22,29 , (2), where φ c 180
• . The gentle slope approximation of the Laplace equation of capillarity has also been explored for cylinders [33] [34] [35] , spheres 18 and more general geometries 5, 13 . It may be found from (2) by considering (dz/dr) 2 1 and yields the profile:
(2) Herein, K 0 is the modified Bessel function of the second kind of order zero, and C is constant for a given bubble. The orange rays added to the scenario of R0/a = 10 show the various ways (and ray types, cf. Fig. 4 ) in which light may contribute to a single point (z, rp) at a given screen distance zp. The axial line caustic is due to types D rays from opposite sides (see thick red line for the R0/a ≥ 2-scenarios). The bold horizontal marks denote the depths zp for which Fig. 9 shows the intensity patterns, and the grey marks for R0/a = 2 those for Fig. 11 .
The approximation using R c 29 instead of R 0 22 in the constant C was found to give slightly better results, although for certain analytical simplifications in what follows the result R c → 2R 0 was used. The profile of the meniscus actually decays quickly as ∝ (r/a) −1/2 exp(−r/a) for large r/a 1 5 , with an amplitude h = aC → R 0 × 2R 2 0 /3a 2 .
B. Refraction geometry for type D-rays
Referring to Fig. 6 (a), we can infer the angle θ n of the surface normal from (2) via tan (θ n ) = −1/(dz/dr) = 1/CK 1 (r/a), with the function evaluated at the vertical incident ray's impact parameter r = r i . The angle of incidence of the ray to the meniscus is then θ i = π/2 − θ n , and from Snell's law of refraction the refracted ray's inclination towards the meniscus normal after refraction becomes θ = arcsin (sin (θ i ) /n w ). If we define the distance of the intercept with the optical axis below the surface level at infinity as f i , and ∆z i = ∆z (r i ), one finds from 
Using Taylor series expansions for expressions involving the small angles θ , θ i and θ f , ignoring the small quantity ∆z i , and finally using the expression for C in (2), one (b) (a) FIG. 6 . (a) Sketch of the geometry for the determination of the intercept depth fi = f (ri) below the unperturbed water level at z∞. (3) follows from considering the textured triangle. (b) Sketch of a convenient experimental setup (cf. also section IXIX F): a transparent water tank with a flat base. Using Snell's law, sin θ f ≈ nw sin θ f , one finds from the sketch (and using some trigonometric relations):
That is, for a shallow tank with (dt, ri) fi the intercepts and focal lengths are scaled approximately via the refractive index,
(4) can be used to show that the (negative spherical) aberrations are such that the focal length diverges as f i ∝ (r i /a) 3/2 exp (r i /a), meaning that there is no single well-defined focal length of the bubble lens. Similar mappings of the radius of the annular region to a certain z-coordinate (here: f i (r i )) were also given for menisci around cylinders and floating objects in the gentle-slope approximation in the works of Lock et al. 5 and Adler et al. 6 .
C. Approximation of the minimum focal distance
Using further the approximation for small bubbles of r c 22,29 stated in section II, approximating the relevant impact parameter for the minimal focal distance Fig. 8 (a)), and Taylor-expanding the remaining Bessel functions in (4) for small arguments R 0 /a, one finally arrives at
. (5) (5) shows that both on an absolute scale (fixed a) as well as on a relative scale (normalized to the bubble radius R 0 ) the focus shifts away from the surface with decreasing bubble size (where r b → R 0 ) in this limit. The latter is consistent with the diverging behaviour of the starting point of the focal region observed in the ray tracings of 
V. MINIMUM FOCAL DISTANCE: THE GENERAL CASE
Now, going beyond the approximation discussed above, and considering bubbles of arbitrary sizes r b , the focus starts no earlier than about f m = 12.1a (for water: 3.3 cm, agreeing with the observations in Fig. 1 ) below the water surface (at infinity) for intermediate size bubbles. This distance increases both for smaller (see previous section) but also for larger bubbles. A minimum of f m is observed around r b /a = 1.65 (R 0 /a = 2.46), i.e. for bubbles in water of diameters ∅ = 9.0 mm, see the black curve in Fig. 7 (left axis) and the red marker. The actual impact parameter r i for which these minimum focal distances are realized are close to the bubble radii r b , and at most 3.0% larger (at r b /a = 1.15a or R 0 /a = 1.36), see the blue line and the red marker, both plotted with the corresponding right axis in Fig. 7 . In the large bubble limit when R 0 /a 1, the minimum focal distances actually scale linearly with increasing bubble The gentle slope approximation is valid and the outer meniscus is well described by (2) . (b) For large bubbles, the three interfaces meet with an almost vertical slope (z → ∞ or φc 90
• for R0/a → ∞). The refracted angle towards the horizontal is close to (but larger than) θTIR, such that tan(θTIR) fm/r b .
Under oblique incidence the critical distance of the axial caustic formation is decreased by a geometric factor, see section IXIX B.
VI. BUBBLE MENISCI AS AXICONS
In the preceding section, we have seen that a bubble acts to converge light, albeit not to a single focal point. While it is tempting to call the bubble or its outer meniscus a "meniscus lens", this term is, as is well known, already reserved for a special type of spherical lens: a convex-concave lens. Instead, bubbles at interfaces may actually be thought of as (negative toric) axicon lenses 36 . Axicons are rotationally symmetric optical elements which produce images along a segment of a line on its optical axis [36] [37] [38] instead of a point as for regular perfect lenses. Yet again, the term "meniscus axicon" is already taken by a certain type of double-conic convex-concave axicon lens 39 , but nonetheless one may think of the meniscus around a bubble as a bubble axicon. The axial range in which images are formed can be found from geometrical optics by determining the interference region in which rays from opposite sides of the axicon meet. This has been done above: the interference region in axial direction extends over [f m , ∞). Due to their peculiar properties (i.e. the line caustic), axicons exhibit an increased focal depth [36] [37] [38] [40] [41] [42] [43] . This corresponds precisely to the observations which triggered this investigation, now becoming readily comprehensible as phenomena of bubble axicons at work. The images in Fig. 1 are real (inverted) images and the magnification M = −d i /d o , depends on the distance of the imaged object d o (e.g. light source height above the water level) and the distance of the image (i.e. the distance of the screen below the bubble). The magnification is hence independent of the bubble size, as is seen by the same-sized "F"-images for the differently-sized bubbles in the photo.
VII. INTENSITY PATTERNS BELOW BUBBLES: FORMATION OF THE AXIAL CAUSTIC
Before discussing the axial line caustic associated with this special bubble axicon lens, this section will treat the details of intensity patterns just below a bubble before the axial line caustic emerges (section IXIX B will discuss the type D-ray associated phenomenology for oblique incidence using some more approximations). Applying the fundamental law of illuminance 36 , one may find the intensity in the geometrical optics limit using the density of rays and taking into account the axial symmetry:
where S is the set of all discretely sampled impact parameters r i = i×∆r i , with i ∈ 1, . . . N i such that the exit ray in the plane of the screen at z p has a radial coordinate of absolute value |r p (z p , r i ) | in the range [r p , r p + ∆r p ], where ∆r p is the resolution of the radial pattern hereby computed and chosen such that ∆r i ∆r p . The significance of the absolute value, i.e. the allowance of r p = ±r p accounts for the fact that rays may come from opposite sides of the axis to reach a given point (cf. Fig. 5 ). The factor |t i | 2 in (6) is the product of all involved (Fresnel) field amplitude transmission coefficients (polarizationaveraged), taking into account the relevant incidence angles to the interface normals encountered by a given ray. The factor n w is the ratio of impedances of water and air and enters the expression due to I ∝ n|E 0 | 2 (the cosinefactor involved in the (Fresnel) power transmission coefficients T is already taken account for by the geometric factor of changing annulus areas). Fig. 9 shows a series of intensity plots at various depths below the water surface, starting just below the bubble (z p = −0.1r b ) and then proceeding in fractions of the minimal focal distance until reaching z p = z ∞ − f m , and finally the intensity in a plane at z p = z ∞ − 2 × f m . The axial caustic clearly shows up after the minimal focal distance, and exists in all planes below this depth. This general observation agrees with the work of Adler et al. 6 for the case of floating symmetric objects under an external pull, cf. loc. Fig. 5 and 13 .
The intensity distribution just below the bubble can be seen to be composed of a central bright disc of radius r c (light is transmitted without refraction through the cap), and a dark annulus around it (light is diverted away in either direction due to the interior and outer menisci) (feature (i)). This dark ring of almost unity contrast disappears for larger bubbles somewhere around R 0 /a ∼ 1 . . . 2: In the ray tracings, Fig. 5 , this dark annulus can be identified with the region of sparse ray density outside of the cap perimeter r c just below the bubble before the inward refracted type D rays overlay with the outward refracted type A rays (for r i = r c ).
For small bubbles with R 0 /a 1, i.e. the first two columns, a high-contrast dark shadow region emerges not far from the bubble, and the central bright disc disappears quickly (feature (ii)). As compared to larger bubbles, the shadow is relatively sharp and appears against a fairly homogeneous intensity background. The reason for this is that the small-bubble meniscus which originates from the cap at r c R 0 has decayed already appreciably before the type D rays that just miss the bubble with r i ≈ r b ≈ R 0 , and which form the edge of the shadow, are much less refracted than those shadow rays for larger bubbles. The central spot's quick disappearance is due to the short focal length f bb ≈ R 0 /(n −1 w − 1) of the bubble's bottom (and measured relative to it) acting as a diverging lens. Nonetheless, the shadow shrinks in size, since the outer meniscus acts to weakly converge the rays that miss the bubble, as shown in the ray tracings of Fig. 5 . This is the shadow shrinking already described for small floating objects by Berry and Hajnal in 18 (cf. also Ref. [4] ). The authors noted (in concrete reference to a floating edge, albeit they discuss spheres in parallel) that in this scenario no real caustics are involved: This statement is now seen to hold only in the domain above f m , whereafter the line caustic emerges. Another feature appears when the inward refracted type D ray's radial convergence overcomes the angular divergence of those same rays: A bright halo around the shadow (feature (iii)) signifies the increased ray density here caused by their convergence.
For larger spheres, i.e. columns three to five (R 0 /a = 1 to R 0 /a = 10), a dark but smooth halo around the direct shadow becomes prominent (feature (iv)). It signifies the diverting action of the bubble's bottom (now acting on a significant portion of r i < r b ) as well as the ray-diverting (and divergence-imprinting) action of the outer meniscus (now strongly affecting type D rays). The missing irradiance in this dark halo is thus either diverted and redistributed to the periphery or contributes to the lit annulus inside the former shadow (i.e. shrinking the shadow). In planes closer to the bubble, the superposition of type A and D rays can also create a bright ring (feature (v)).
For very large bubbles R 0 /a 1, i.e. those which resemble a half-dome with only small (relative to the bubbles size) menisci inside and outside the bubble rim at r c ≈ r b , a dark and smooth ring shadow (feature (vi)) of the menisci appears below the rim, having non-unit contrast. It is an extreme case of the dark halo discussed above, but with a central discernible bright disc region due to the flatness of large bubble bottoms. The enclosed bright area is a fuzzy version of the bright and sharp unit-contrast cap-transmission disk discussed for small bubbles: here, however, the cap shadow rays coincide with the inner meniscus shadow rays and thus get refracted significantly to form a smooth shadow edge. The dark ring broadens with increasing depth, as shown in the right-most column. This dark ring has a non-unit contrast which grows with depth (not shown in the images, since they are each min-max color-scaled). Again, this behaviour is easily reconciled with the ray tracing shown in the right-most scenario of Fig. 5 .
Finally, the axial caustic appears (feature (vii)) at and below a depth f m . The contrast at its first appearance decreases for increasing bubble sizes, as can be seen in the last two rows of Fig. 9 from left to right each.
The above analysis and the intensity patterns for screen planes above f m likely explains why some blurred images could already be observed at depths of only ∼ 2.5 − 3cm (instead of only below 3.3 cm, cf. section V) in the experiment reported in Fig. 1 . The bright halo (feature (iii)) around the shrunken shadow acts as an annulus focus to form blurred images that were only just discernible.
VIII. AXIAL INTENSITY A. Geometrical Optics
Previous studies on axicon design in the limit of geometrical optics assumed P z (z) dz = 2πP σ (r)r i dr i to hold 43, 44 . The interpretation of this expression being that "the two-dimensional power density P σ (r) (in units of power [per area]) is being transformed (squeezed) into the one-dimensional axis density P z (z) (in units of power [per length])", and that the "quantity P z (z) in this formulation [could] be interpreted as a first approximation of the in-axis light intensity I(r = 0, z) that would result from a diffraction integral." 43 . From this expression, and considering that the rays carrying the power make an angle θ f to the axis 44 , one finds (now writing z = z p )
cos (θ f (r i (z))) (7)
Considering again the analytically tractable smallbubble limit, and inverting (4) in the large r i -limit for r i (z), one finds approximately an axial intensity decay described by:
(8) wherez = z/a, W (x) is the Lambert W-Function (ProductLog-function), i.e. the inverse of x exp(x). The cosine factor and the amplitude transmission factors (including the impedance ratio n w ) were ignored since they are roughly constant and of order unity. The expression shows a slow decay of the axial intensity in the ideal scenario described by (8) . Although the approximation function (8) has a local maximum, the exact expression (7) using the values from raytracing shows a monotonous decay only. On an absolute length scale, larger bubbles appear to show a steeper decay, although the general observation remains: the intensity remains significant even after axial distances of many bubble radii. This is qualitatively consistent with observations (cf. also Fig. 15 ), although the divergence of most light sources and nonvertical light incidence will deteriorate the axial focus quality as described in section IXIX A.
B. Diffraction
The axial intensity pattern could also be found in wave optics. In the work of Berry and Hajnal 18 , the corresponding diffraction integral was analyzed mostly for depressed water surface deformations. Note that their loc. eq. (30) for the gentle slope approximation around a floating sphere corresponds to (2) with D → aC < 0 (i.e. H < 0). Their loc. eq. (38) should still capture the caustic below a bubble well in the scalar diffraction approximation, neglecting the action of the diverging bubble cavity. The contribution due to the increasingly flat central bubble cavity transmission for r i < r c is expected to be insignificant only beyond f bb , where |f bb | > f m (for R 0 /a 3, cf. Fig. 7 ), as can be seen by the low contrast (in the respective plots towards the lower right) in Fig. 9 of the central caustic against the backdrop of the bright halo / direct transmission. This is different from the transparent round (rigid) sphere case discussed 18 , where it was remarked that significant contributions are expected only close to the sphere's (n > 1) focus (z p ∼ −R, cf. loc. p. 34). A detailed quantitative discussion of the diffraction integral of the caustic is beyond the scope of this paper, albeit the next section gives some general qualitative remarks.
IX. OBLIQUE INCIDENCE
Up to this point only vertical illumination was considered: the angle Γ of the incidence light to the vertical was assumed to be zero, especially in sections VII-VIII. The following subsections focus on the phenomenology and implications for the caustic of oblique incidence with Γ > 0
• . For sun light, the incident angle is related to the solar elevation e via Γ = 90
• − e.
A. Catastrophe Theory: Unfolding of the line caustic
For a regular convergent lens (when illuminated normally on-axis) with spherical aberration there are two (real) caustics close to the paraxial focus: the so-called spun cusp (a rotationally symmetric cusped cone) and a line segment caustic, both meeting at the primary focus [45] [46] [47] . For the common refracting cone axicon, only the axial caustic remains real whereas the second spun cusp caustic becomes a mere virtual surface 37 . The same holds true for the bubble axicon, which also only forms a "naked" axial caustic. Rayces, in 1958, already qualitatively described how the image of an off-axis point source for an axicon unfolds into a four-cusped caustic (cf. Fig. 4 in Ref. [ 37] , also Ref. [ 41] ), which McLeod later constructed geometrically to show its astroid shape (4-cusped hypercycloid / scaled version of the parametric curve (sin 3 t, cos 3 t), referred to as a "kite") 38 . For oblique incidence or perturbed bubbles the same fate will unfold the axial caustic described in the earlier sections.
In the context of catastrophe theory, which was not available at the time of those early studies, this can in the meanwhile understood as part of a natural unfolding of the two unstable caustics related to the primary (Seidel) aberrations 45, 46 : Both the line caustic and the spun cusp are non-elementary (non-generic) and thus structurally unstable caustics, meaning that they do not belong to the class of generic and classifiable caustics which are topologically stable against perturbations. In particular, they both are, in the language of catastrophe theory, caustics of infinite codimension, meaning that an infinite number of perturbation parameters (say the Fourier coefficients in an expansion) are required to prescribe an unfolding perturbation 48 , and that there are consequentially an infinite number of ways it can in principle unfold. In the case where both the spun cusp and the axial line caustic unfold simultaneously, and returning to the case of primary aberrations only (imprinting special types of perturbations on the wavefront), a structurally stable (containing elementary catastrophes only) topology emerges in which two hyperbolic umbilic foci (/singularities) are embedded in a global caustic structure that contains the four-cusp (and four folds) figure and an almost conical fold-surface. Berry and Upstill (appendix 2 of Ref. [45] , based on notes of Hannay) show a sequence of sections through this topology, and Berry's lecture notes 46 give a three-dimensional depiction in Fig. 41 . Nye shows its embedding in the unfolding of the higher-order catastrophe X 9 for two-fold symmetry and modulus +2 (Fig. 8.3 in Ref. [49] , Fig. 21 of Ref. [50] , cf. also Appendix B in Ref. [51] ). This structure and the associated hyperbolic umbilic foci are also encountered in spheroidal drop rainbow scattering 52, 53 or thin drops in rectangular or rhombusshaped apertures 50 . When the spun-cusp is missing (as for our bubble axicon, and other cases, see below), only the central fold surfaces with needle-or star-like crosssections emerge (the astroid), and no hyperbolic umbilic foci exist.
The astroid caustic also occurs isolated in the context of glory scattering by a spheroidal particle caused by the correspondingly perturbed toroidal wavefront 54 (cf. loc. Fig. 1(b) and 7(a) , here as a 4 to 2 ray transition with 1 extra background ray on top of the 3 to 1 ray transition characteristic of a cusp-fold).
A most impressive natural demonstration of the naked axial caustic unfolding has been observed in 1976 when the star Geminorum was occulted by Mars 46,55 : the atmosphere of Mars acted as a toroidal axicon lens (an annular lens). If Mars had been perfectly spherical, an axial line focus would have formed. Instead, Mars (like any spinning planet) and its atmosphere is well described by an oblate spheroid, hence perturbing and unfolding at the time the line caustic in one of the simplest ways geometrically possible into the four-cusped astroid caustic of roughly 150 km diameter as projected onto earth. Similar observations have later been made for instance during an occultation of the star 28 Sgr by Saturn 56 , or at radio frequencies for the spacecrafts Voyager 1 and 2 passing behind by Jupiter 57 . Four images exist for an observer passing the interior of the astroid caustic, while two exist just outside of it. The same holds true for solar gravitational lensing 58 . Much more general, gravitational lensing by aspherical (e.g. elliptic) astronomical lenses shares many commonalities (including the central astroid caustic) with atmospheric lensing 49, 59 , although here one has a transition from 5 to 3 to 1 images, cf. chapter 3.2 and Fig. 3 .16 of Ref. [ 59] (the unfolded line caustic is not naked and embedded in the exterior elliptical fold caustic). Hence, the closest astronomical analogy probably exists to the atmospheric lensing situation: Similar to the ellipsoidally perturbed annulus lens of a planet's atmosphere, the bubble axicon lens when viewed at an angle deviates from the circular symmetry and appears ellipsoidal. Accordingly, the astroid unfolding of the naked axial caustic is expected, and similarly a 4 to 2 images transition when viewing light sources through it. This, of course does not mean that the individual cusps involve more than their characteristic coalescence of 3 rays, and inherently present background rays make these higherorder caustics awkward to analyze.
As a side note, as is well known, an axicon lens similar to the stem of a wine glass may be used to simulate the effects of gravitational lensing 60, 61 . Unfortunately, the macroscopic bubble axicon's shape (exponential in its large-distance fall-off) is no better approximation to the logarithmic profile needed to generate a proper optical analogon to a point mass gravitational lens (i.e. to gravitational microlensing), nor presumably to other trivial mass distribution lenses 60 . The microscopic limit, however, indeed allows a perfect analogy to the point mass as here the meniscus profile becomes ∆z(r) ∝ − ln(r/2a) 16, 17 . Based on the scaling laws of diffraction catastrophe theory 45, 46 , and here inferring from the singularity index associated with the corresponding elementary catastrophes, the light intensity close to the cusps (where two folds meet tangentially) should rise to O(k 1/2 ), whereas it should rise to O(k 1/3 ) approaching the folds. Similar predictions on the diffraction fringe spacings in the astroid may be inferred from the generic theory 45, 46 . In summary, the bubble axicon under oblique illumination is another prime natural example for the simplest possible unfolding of the unstable line caustic.
B. Monte Carlo vector ray tracing and the astroid's evolution
To further study the bubble axicon's astroid caustic, Monte Carlo vector ray tracing simulations were done similar to those in 6 . This, for instance, allows some characteristics of the emergence and shape of the axial caustic to be described. The incident ray vectors were set to k 1 = (sin(Γ), 0, − cos(Γ)) (cf. Fig. 12(a) ), and the refracted ray vectors k 2 then computed via loc. eq. (42) of Ref. [6] (vector form of Snell's law of refraction). The outward-pointing unit surface normal vectors u = u /|u | at points m i = (x i , y i , f ) were calculated using finite differences and u = (∂ x f, ∂ y f, −1), with the outer meniscus surface profile f (x i , y i ) = ∆z(r i ) taken with cartesian coordinates related to impact parameters through r 
and visualized in scatter plots. Since the meniscus acts likewise as an axicon for all bubble shapes, the same phenomenology is expected for any R 0 /a. In the following discussions and plots, R 0 /a = 2 was chosen, corresponding to a ∅8 mm air-bubble on water. For simplicity, and in light of the complications associated with a correct treatment for oblique incidence, the impact parameters were sampled randomly with r i ≥ r b , and were all assumed to be of type D, thereby neglecting rays of type A-C. By the foregone analyses, no qualitative (though slight quantitative) discrepancies are expected due to this simplification (cf. the blue curve in Fig. 7) . Fig. 9 for R 0 /a = 2, the upper sequence depicts the emergence of the central line caustic. As noted above, due to the consideration of all r i > r b , the exact location of the starting point of the focus is slightly off and appears already for z ∼ −6.7r b , whereas the actual focus distance is f m − z ∞ = 7.6r b (cf. Figs. 7 and 9) . Nonetheless, the phenomenology is clear and the shadow shrinking well visible. Also the bright halo is well-discernible, whereas the dark halo structure is too large for it to be noticeable in these plots of side lengths r b ×r b (cf. Fig. 9 , showing the intensity patterns in plots of side lengths ∼ 4.2r b ×4.2r b ).
The other sequences for Γ = 15
• , 30
• and Γ = 45
• (second to last row) show how the axial caustic, unfolded into the astroid caustic, emerges from a shrunken and perturbed shadow to finally morph into the four-cusped shape. A similar behaviour (minus the astroid) was reported for the tilted flat model leaf system in 6 , a scenario with a half-raised and half-depressed water surface perturbation (Γ = 0
• , loc. Fig. 7(a)-(c) ). Since here the projection screen intersects the unfolded axial caustic (i.e. the fold surfaces forming the astroid) at an angle not perpendicular to its symmetry axis, as sketched in Fig.  12(a) , the caustic appears closer in z towards the bubble relative to the Γ = 0
• -scenario approximately by a factor of 1/ cos(Γ ), where Γ is the average refraction angle related to the incidence direction via n w sin(Γ ) = sin(Γ). This average refraction angle was also used to set the center for the ray tracing plots (intersection of a hypothetical ray refracted by a level water surface at z = z ∞ , although the astroid is offset by a small amount in the +x-direction from the hereby determined center 5 ). For the same geometrical reason, the caustic features corresponding to rays emanating from the +x-side of the bubble's meniscus appear first, thus causing the −x-astroid cusp to appear first (cf. the x-inversion discussed in section IX D and shown in Fig. 14) . Correspondingly dedicated observations in a white ceramic bowl and soap-water on a sunny day confirmed the general phenomenology.
C. Effect of the divergence of the illuminating light
So far, perfectly parallel light (point light source at infinity) has been assumed for illumination. However, for instance the divergence of the sun's rays of about ∆Γ ∼ 0.25
• (half angle) causes the caustic pattern to become diffuse and blurred after some distance.
Divergence of light was added to the vector ray tracing simulations (cf. section IX B) by successive rotation operations acting on each vector k 1 to yield randomly perturbed ray incidence vectors k 1 , i.e. k 1 = Rŷ ,−Γ · Rẑ ,rand[0,2π] · Rx ,φs · Rŷ ,Γ · k 1 with R v,α being 3D rotation matrices for a counterclockwise rotation around the vector v by an angle α and {x,ŷ,ẑ} being the axes' unit vectors, see Fig. 12(b) . Figure 13 shows the effect of divergence for two scenarios: i) a Gaussian distribution of incidence ray angle perturbations φ s around the average direction k 1 , and ii) a simulation using the approximation of a uniform solar disc (as an approximation to its "true" shape, and ignoring circumsolar radiation 62 ) of diameter 0.5 • around k 1 for incidence ray directions (implemented by a beta distribution ∝ φ s ). Both scenarios may be thought of as a convolution of the astroid shape with a Gaussian or a disc filter. The effect in i) is a mere blurring of the astroid's shape into a more or less homogeneously lit star-like pattern with the four arm's ends remaining slightly augmented or brightened. The effect for scenario ii) is quite different: here, the astroid's shape morphs into a distinct cross-like shape and an additional central dark x-shape appears for intermediate depths. For larger depths, the solar disc convolution with the astroid results in a boxlike shape of the caustic pattern. Several of these features can be seen in Fig. 16(g) for differently sized bubbles (effectively corresponding to different normalized depths). Qualitatively, one may expect the pattern to become indiscernible and the intensity to drop significantly when the size ∆y of the pattern at depth |z| becomes comparable or smaller than the spreading distance of the solar rays travelling a distance |z|, i.e. ∆y/2 ∆Γ|z|. For an ∅8 mm-bubble (R 0 /a = 2) in water, and anticipating (9) , this corresponds to depths larger than ∼ 0.2 m. The observations noted in section IX F agree with this order of magnitude estimate.
sun disc Fig. 11 (R0/a = 2) but with divergence of light considered (cf. Fig. 12 ). The bubble caustics fade away with increasing distance (left to right) z = zp − z∞ from the bubble (distances correspond to z/(fm − z∞) = (−1.3, −3.6, −6.6, −13)). The first row is without light divergence, the second row with a Gaussian distribution with std σ = 0.25
FIG. 13. Ray tracings as in
• , the third row assuming a solar disc of radius 0.25
• . The solar disc caustics compare well with experiments such as those shown in Fig. 16(g) . The dotted lines (top right) show mapped radial spokes, and the orange discs the intersections used to determine the astroid size, cf. section IX E (the illustration is for a larger = π/50).
D. The shadow sausage effect vs. the bubble caustic
The bubble axicon caustic has incidentally already been computed explicitly in a certain limit in the context of the shadow-sausage effect. In this water-immersed stick caustic effect, only two cusps of the astroid caustic are visible and the other two are obstructed by the stick's shadow 5 . Lock and coworkers analyzed the case of oblique light incidence on a vertical rod immersed in a liquid in their Section 5A, computing the astroid caustic in the gentle slope approximation. They had already drawn the connection to the relevant primary aberrations for this case: astigmatism and coma as they occur for skew rays through a spherical lens, referring to the aforementioned appendix 2 of Ref. [45] (in fact, it was their insightful remark which triggered the considerations in section IX A). Since the exterior meniscus of a surface bubble is identical to a corresponding vertical rod, the astroid caustic of the bubble axicon may thus also be identified as a special case of an unobstructed shadow-sausage caustic without the shadow. However, in contrast to the remark at the end of section 5A in 5 , the inversion of the cusps (i.e. the cross-over of the responsible rays) occurs in the direction along the incidence direction (and not perpendicular to it). Experiments with the setup shown in Fig. 16(a) and controlled illumination obstructions revealed (pictures not shown) this distinct behaviour and fine structure of the vertical rod caustic under inclined illumination as well as for the inclined rod caustic under vertical illumination. The more instructive ray tracing analysis (cf. section IX B), color-coded for each ray origin, shows this more clearly and confirms the difference, see Fig. 14 . A detailed parameter space analysis describing the transition between both cases is beyond the scope of this paper, but clearly the inversion behaviour of the vertical rod's shadow sausage effect caustic was hereby found to reconcile with the bubble axicon caustic. Also, the details of the plotted shadow sausage effect caustics suggests that the associated astroid involves a 4 to 2 ray transition, in contrast to the 3 to 1 ray transition hypothesized below loc. eq. (27) in Ref. [5] . This is at least the case for the unobstructed ±y-caustics. The same holds true for the bubble caustic: While the four cusps each involve a 3 ray coalescence, there is 1 extra background ray making it 4 rays in total within the astroid, and 2 rays just outside of it reaching each point.
E. Size of the astroid caustic
As already noted by Lock et al. 5 for the related limiting case of the vertical rod shadow sausage effect caustic, the lateral size ∆y of the bubble axicon astroid (see Fig.  13 ) grows with increasing inclination angle Γ of the incoming parallel light approximately as ∝ sin 2 (Γ). The effect can be seen for instance in the right-most column of Fig. 11 . Moreover, the bubble axicon's astroid was found to grow with the distance z = z p − z ∞ from the bubble, as can also be seen in Fig. 13 going from left to right. For the purpose of this analysis, the size ∆y was determined from the intersection of mapped radial spokes (r cos(φ), r sin(φ)) with r ∈ [r b , 3r b ] and φ = π/2 ± and = π/200, see Fig. 13 . The lateral size ∆x was determined in a similar fashion, looking at the intersections of mapped radial spokes with φ = − and φ = π + . Looking still exemplarily at the case R 0 /a = 2, and considering ∆y only (∆x being enlarged again by the projection, cf. Fig. 12(a) . For small bubbles with R 0 /a < 1, ∆x ≈ ∆y/ cos(Γ ) was indeed found to hold.), the func-shadow sausage e ect (immersed stick caustic) bubble caustic
Comparison of the caustic structures of the shadow sausage effect (left) and the bubble caustic from ray tracing. For the inclined rod, menisci as described analytically in Ref. [5] were used, with q = 0.1 quantifying the capillary rise difference in the obtuse and acute regions. The dots showing individual ray endpoints intersecting the projection plane (at z = −100r b , R0/a = 2) have been color-coded by hue according to their azimuth origin on the meniscus around the rod or bubble (see color wheel). The angles γ and Γ are the angles of the rod relative and the incidence light relative to the vertical, respectively. For the tilted rod (left-most plots) the y-cusps are inverted, while for both the bubble caustic and the vertical rod the x-cusps are inverted (although for the rod, the x-cusps lie in the shadow). Experiments with the setup shown in Fig. 16 (a) confirmed these predictions.
tional form
was found to fit the ray tracing data over a range of
• and all h, and at most 0.03 absolute deviation for the entire parameter space spanning ∆y/r b ∈ [0, 2.1]). For instance, the fit expression (9) with Γ = 30
• and z = −100r b yields ∆y/r b = 0.59, cf. also Fig. 13 (top right) .
Intuitively, the astroid's lateral size ∆y was also found to increase with the bubble size r b (or the shape parameter R 0 /a).
For small bubbles with r b /a < 1, fitting of simulation data of ∆y/a for R 0 /a = (0.05, 0.1, 0.2, 0.5, 1, 2, 5, 10, 20, 50, 100, 300, 1000) and several fixed incidence angles Γ = (10
• ) and fixed distances of c×f m (R 0 /a = 0.05) and c = (1.06, 1.5) (i.e. for water at depths ∼ 35 cm and 50 cm, respectively), showed an approximately linear dependence ∆y ∝ r b (or equivalently in R 0 /a). For larger bubbles with r b /a > 1, the data revealed a power law scaling close to ∆y/a ∝ (r b /a) 0.7 .
As one would expect, ray tracings also showed that the astroid's size increases with decreasing distance s of the point source from infinity towards the bubble. For this, the incidence vectors instead of being fixed were set to k 1 (x i , y i ) = m i − s(− sin(Γ), 0, cos(Γ)) and each normalized to |k 1 | = 1.
F. Caustic observations
In accordance with the preceding analyses, the astroid caustic below individual obliquely illuminated bubbles can easily be observed, i.e. in a bathtub or an outdoor pool as photographed in Fig. 15 . The caustics could be observed for bubbles of various sizes ( 2 cm) and and any depth 3 cm of the pool ( 2 m, though becoming faint). Distortions due to close-by bubbles were hardly noticeable, provided they were separated by a few bubble radii. As expected, due to the angular divergence of sun light, the well-defined astroid caustics grew and eventually blurred to mere cross-like shapes with increasing depth before becoming only hardly discernible at the bottom of the pool (cf. Fig. 13, bottom row) . Smaller bubbles created smaller astroids, and early morning and late afternoon observations generated the clearest and largest astroid caustics (large Γ), whereas at noon (near vertical incidence, smallest Γ) the foci appeared sharp (cf. Fig. 11 ). Aggregates of a few bubbles still acted as lenses, although the distortions altered the caustics visibly, especially in the near field. Collapsing bubbles produced dynamic concentric ring caustics, which in turn interacted with those by bubbles they encountered (not shown). The evolution of shadows to caustics could also be observed for larger bubbles, and agreed with the phenomenology shown in Fig. 11 .
A more controlled setup was also used to image shadows and caustics of bubbles (see Fig. 16 ) and rods (cf. section IX D). Using laser light illumination, the bubble's four astroid cusps were confirmed to each being decorated by diffraction patterns as expected for these diffraction catastrophes 45 . To this end, the laser beam was set to a highly oblique incidence angle, see Fig. 16 (f) and the inset: This allowed to capture the characteristic diffraction patterns photographically without further special equipment. Just like for the macroscopic shadow-sausage effect 5 , no such patterns were observed by the unaided eye for sunlight or white-light illumination, probably because they were to fine 63 or washed out by the light's divergence.
X. CONCLUSION AND OUTLOOK
Studying the refracting properties of floating bubbles, the outer meniscus was identified to act as a converging lens. Using the small bubble limit, analytical expressions were found which characterized the aberrations of such a lens. Via 2D ray tracing analysis, a shrinking shadow and behind it a semi-infinite focal range were found. Negative spherical aberration combined with positive refractive power provide the basis for the line caustic characteristic 42 . Eventually, the lens was identified as a special type of axicon lens. This was found to be consistent with the bubble's imaging and caustic characteristics. The unfolding of the naked axial caustic into a configuration of four fold caustics forming an astroid-shape, along with 3D ray tracing analysis, finally allowed for a detailed understanding of the observed bubble optics and its relation to the shadow-sausage effect and other natural axicons in astronomy and elsewhere.
Many further investigations of or using the caustics of bubble axicons are thinkable: First, an increased flexibility and hence extension of the phenomenology is expected when considering a 3 phase system, i.e. a bubble of some liquid at an interface between two other liquids or a liquid and a gas 64 . The bubble axicon adds another lens variant, nearly perfect in shape by the action of smoothing surface tension forces, to the existing variable focus liquid lenses 65, 66 . Second, coalescing bubbles or doublets (multiplets) of bubbles in contact were found to yield interesting caustics, possibly adding a new model system useful for investigating (diffraction) catastrophes. This will be addressed in a separate study using the setup of Fig. 16(a) . Third, the refractive interrogation of the bubble system as outlined in this paper could also be useful to study phenomena associated with bubble collapses: Fig.  10 (h) shows an image showing capillary waves emanating from coalesced and collapsed bubbles. Also directed ejection of smaller droplets from rupturing/bursting bubble caps 30, 31 could be seen in slow-motion videos. Fourth, coalescing bubbles could act as a toy system for gravitational lenses of binary mass systems (cf. Fig. 10(i) and loc. Fig. 3 .6 of Ref. [59] ). Fifth, lithographic applications of the present system or variants thereof might be an interesting line of further research 67 . Finally, it is the hope of the author that at any rate this article was successful at shedding some light on a fascinating everyday-phenomenon and providing some context for it. Maybe the reader will seek the astroid caustics, or think of the peculiar properties of axicons the next time he or she encounters a bubble in the bathtub, sink or outdoor pool.
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